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Abstract

Quantifying transport by strongly stratified turbulence inlow Prandtl number (Pr) fluids is critically
important for the development of better models for the structure and evolution of stellar interiors. Mo-
tivated by recent numerical simulations showing strongly anisotropic flows suggestive of scale-separated
dynamics, we perform a multiscale asymptotic analysis of the governing equatios. e find tat. in all

cases, the resulting slow-fast system naturally takes a quasilinear form. Our analysis also reveals the ex-
istence of several distinct dynamical regimes depending on the emergent buoyancy Reynolds and Péclet

numbers, Re, = o’Re and Pe, = PrRep, respectively, where « is the aspect ratio of the large-scale
turbulent flow structures, and Re is the outer scale Reynolds number. Scaling relationships relating
the aspect ratio, the characteristic vertical velocity, and the strength of the stratification (measured
by the Froude number Fr) naturally emerge from the analysis. When Pe, < «, the dynamics at all
scales is dominated by buoyancy diffusion, and our results recover the scaling laws empirically obtained
from direct numerical simulations by [Cope et al.| (2020). For Pe, > O(1). diffusion is negligible (or
at least subdominant) at all scales and our results are consistent with those of |Chini et al.| (2022) for
strongly stratified geophysical turbulence at Pr = O(1). Finally, we have identified a new regime for
a K Pey, < 1, in which slow, large scales are diffusive while fast, small scales are not. We conclude by
presenting a map of parameter space that clearly indicates the transitions between isotropic turbulence,
non-diffusive stratified turbulence, diffusive stratified turbulence and viscously-dominated flows.

1 Introduction

Quantifying vertical transport (of heat, chemical tracers and momentum) in the stably stratified regions of
stellar interiors is paramount to a better understanding of their structure and dynamics. Specification of
this transport has long been a significant source of uncertainty in evolution models of stars, as the vertical
transport rates required to match observations are largely inconsistent with purely diffusive processes. The
same problem affects our attempts to model stably stratified regions of the Earth’s atmosphere and oceans.
The solution in both cases is to include turbulent transport in the models, but this in turn requires reliable
parametrizations of small-scale fluxes as functions of the local properties of the fluid and of its large-scale
flow (Munkl 1966} [Pinsonneault), [1997; Ivey et al. [2008; |Gregg et all [2018} [Aerts et all [2019} [Caulfield]
2021

Stratified turbulence is intrinsically complex. Indeed, relatively small-scale turbulent vertical mixing in
a stably stratified region typically incurs an energetic cost to lift dense fluid parcels up irreversibly and
correspondingly lower buoyant parcels down; as such it can only be sustained on long time scales by tapping
into some larger-scale energy reservoir. Different fluid instabilities access different sources of energy: for
instance, baroclinic and double-diffusive instabilities draw from the available potential energy of the fluid,
magnetic instabilities rely on the magnetic energy of a finite-amplitude large-scale field, and shear instabilities
tap into the kinetic energy reservoir of a larger-scale mean flow. The nature of the turbulence driven by each
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Shah et al. Regimes of stratified turbulence at low Prandtl number

of these instabilities differs substantially, so that it “still remains extremely difficult to say anything generic
about [stratified] mixing” (Caulfield) 2021)).

In this work, we focus on modeling turbulence in stellar interiors driven exclusively by shear instabilities.
Stellar fluids generally have a low Prandtl number Pr, where

I/*

Pr= (1)

K*
v* is the kinematic viscosity of the fluid, and x* is the buoyancy diffusivity (e.g. thermal or compositional
diffusivity, depending on the main source of stratification); see Figure 7 of |Garaud et al| (2015b). Note
that in all that follows, dimensional quantities are starred, while non-dimensional quantities are not. We
ignore rotation, magnetic fields, and the presence of multiple components contributing to the flow buoyancy.
Although these effects undoubtedly are important in most situations, the dynamics of purely shear-driven
stratified turbulence in low Pr fluids is still far from well understood, justifying the narrow scope of this
study.

Naively, one might expect a wvertical shear to be the most natural source of vertical mixing in stably
stratified fluids. Balancing the potential energy cost and the kinetic energy gain of adiabatic turbulent
eddies in a vertically sheared flow, [Richardson| (1920]) concluded that turbulence can be sustained provided

N*Q

= G*2 <0(1), (2)
where N* is the typical value of the buoyancy frequency of the stratification, and S* is the typical vertical
shearing rate of the mean flow. Condition is known today as the Richardson criterion (where the
nondimensional parameter .J is commonly referred to as a gradient Richardson number, which can vary
with the vertical position z*). For linear normal mode disturbances in an inviscid, non-diffusive parallel
shear flow, Miles| (1961)) and [Howard| (1961) formalized this argument to establish rigorously the necessary
condition for linear instability to be that J(z*) < 1/4 somewhere within the flow. In the stably stratified
regions of the ocean, there is increasing evidence that flows often are marginally stable, with the minimum
value of J(z*) ~ 1/4 (Smyth and Moum, [2013)), suggestive of ‘self-organized criticality’ (Salehipour et al.,
2018; Smyth et al., 2019; Mashayek et al.,[2022). This criterion seems to be rarely satisfied in stars, however,
because J is usually very large (see, e.g. |Garaud, 2021) except in regions where the stratification itself is
exceptionally weak.

The Richardson criterion can be relaxed when the flow disturbances are not purely adiabatic, because the
energy cost of vertical motions is reduced if the advected fluid parcels radiatively (Townsend, [1958; [Dudis)
1973) or diffusively (Zahn, [1974; Jones, 1977} [Lignieres et all [1999)) adjust their buoyancy to that of the
background stratification on a time scale comparable with, or shorter than, their turnover time scale. In the
diffusive case, this adjustment is sufficiently fast when the eddy Péclet number

J

Pey = “ff < 0(1), (3)

where uj is the characteristic velocity of an eddy of size ¢*. |Zahn| (1974) heuristically argued that an
appropriate criterion for the instability of diffusive eddies of size £* in a vertical shear flow is

JPe; < O(1), (4)

provided holds. According to his criterion, it ought to be possible to maintain turbulence in very strongly
stratified shear flows (J > 1) provided eddies are small enough to ensure that Pe, < O(J71).

Note that these so-called ‘diffusive’ vertical shear instabilities are irrelevant in the context of oceanic and
atmospheric mixing, because the Prandtl number of air or water under geophysically relevant conditions
is usually of order unity or much larger. As a result, the condition Pe;, < O(1) equivalently implies that
Rey = ujt* /v* < O(1), where Rey is the corresponding eddy Reynolds number. As shear instabilities must
have a relatively large Reynolds number to develop (otherwise viscous energy losses are too great), the
requirement that Re; > 1 is incompatible with Pe; = PrRe;, < O(1) when Pr > O(1).

The situation is quite different in stellar interiors, as first noted by |Spiegel and Zahn| (1970) and Zahn
(1974), because of their intrinsically small Prandtl number. With Pr < 1, and regardless of the size of the
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outer scale Reynolds and Péclet numbers

ReEU*L andPerf, (5)

v K

(where U* and L* are the system-scale characteristic flow velocity and length scale, respectively), there
is always an intermediate range of scales where turbulent eddies satisfy Pe, < 1 < Rey, namely, where
diffusion dominates their dynamics while viscous forces remain negligible. This is a fundamental property of
low Pr fluids that has important consequences for various other fluid instabilities as well (cf. the review by
. In the case of vertical shear instabilities, this property naturally allows for the maintenance
of diffusive stratified turbulence provided the shear is large enough for @) to hold.

Even under this relaxed criterion, however, stellar interiors are so strongly stratified that their mean
vertical shear is rarely unstable. Furthermore, in the few instances where it is, the resulting turbulent
vertical transport is not much larger than the purely diffusive transport . Therefore, it
appears that a mean vertical shear cannot be a substantial and sustained source of turbulence in stellar
interiors.

Meanwhile, a steadily growing body of evidence from laboratory experiments (Ruddick et al. [1989; [Park|
let al.l [1994; Holford and Linden, 1999; Oglethorpe et al., 2013; |Jackson and Rehmann, |2014) and numerical
simulations (Jacobitz and Sarkar} 2000} Basak and Sarkar}, 2006} Brethouwer et al., [2007; Maffioli and David-|
2016; Lucas et al., 2017; Zhou and Diamessis, |2019; Y1 and Koseff, 2023) is offering an alternative, much
less-intuitive solution, namely that horizontal shear instabilities, or otherwise forced horizontal turbulence,
can be a source of substantial and sustained vertical mixing in strongly stratified flows. In what follows, we
review what is known about vertical mixing driven by horizontal flows, first at Pr > O(1), where most of
the research on this topic has been focused, and then at Pr < 1.

1.1 Stratified turbulence driven by horizontal flows at Pr > O(1)

Studies of stratified turbulence driven by horizontal flows generally quantify the effects of stratification using
the outer-scale Froude number, defined as
U*

Fr = .
"= N (6)

In this expression U* and L* are now specifically assumed to be the characteristic horizontal velocity and
length scale at the outer scale. Ruddick et al.| (1989), Park et al| (1994) and [Holford and Linden| (1999)
demonstrated experimentally that regular horizontal motions of vertical rods in a salt-stratified fluid (so
Pr = 0(1000)) with an initially constant stratification (characterized by a buoyancy frequency N*) can
cause substantial vertical mixing even when Fr < 1. Furthermore, they often observed the formation of
steps in the density profile, with a characteristic vertical height H* o« U*/N*. |Oglethorpe et al, (2013)
similarly found substantial mixing and the formation of vertical layers in strongly stratified Taylor-Couette
flow experiments, where the mean flow is by construction primarily horizontal.

Direct numerical simulations (DNS) are arguably more practical for investigation of Pr = O(1) fluids
(such as thermally-stratified air and water), and over the last 20 years significant progress in quantifying
stratified turbulence in this parameter regime has been enabled by advances in supercomputing. In par-
ticular, access to the full three-dimensional structure of the velocity and buoyancy fields has provided new
insights into the nature of turbulence at very large Reynolds numbers and very strong stratification, a regime
characteristic of stratified turbulence in the ocean and atmosphere. Pioneering work by |[Brethouwer et al.|
(2007), for instance, has demonstrated that the eddy field is highly anisotropic in this regime, with a ver-
tical eddy scale once again proportional to U*/N* — suggesting that this emergent ‘layer’ length scale is
a universal property of stratified turbulence at both moderate and high Pr at sufficiently high Reynolds
number, as theoretically predicted and experimentally demonstrated by Billant and Chomaz| (2000); Billant|
[and Chomaz| (2001)) (see also for a review).

Using the insight gained from their DNS data, [Brethouwer et al.| (2007) proposed an anisotropic rescaling
of the governing equations, introducing the small vertical scale H* = FrL* = U*/N* and taking the
asymptotic limit Fr — 0. Crucially, the horizontal scales are assumed to remain O(L*) in their work.
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Inspection of the rescaled equations reveals the fundamental role of the so-called buoyancy Reynolds number

H*\?
Rey = <L*> Re, (7)

which needs to be substantially greater than one for viscous effects to be negligible (see Brethouwer et al.,
2007} [Bartello and Tobias|, [2013, and § for further details). In that case, the characteristic vertical velocities
and buoyancy fluctuations are predicted to scale as W* o« FrU* and B* o« FrL*N*? = H* N*2, respectively.

Fundamental to the arguments presented in |Brethouwer et al.| (2007)) is the concept that there is a single
(large, outer) horizontal scale of significance, with the implicit consequence that spatio-temporal variability
on smaller horizontal scales does not exert a controlling influence on the dynamics. This supposition is not
entirely self-consistent, however, as |Brethouwer et al.| (2007) demonstrated that an inevitable consequence
of their scaling is that J ~ O(1) at least somewhere in the flow, thus implying the possible existence of local
shear instabilities that would drive fast, small-scale isotropic horizontal and vertical motions.

More recently, |Chini et al.| (2022)) have challenged at least some of the consequences of this fundamental
concept by noting that the flow field revealed by the DNS of Brethouwer et al.| (2007)), |Augier et al.| (2015)
and Maffioli and Davidson| (2016) does, in fact, exhibit spatio-temporally intermittent motions on small
horizontal scales—well-separated from the outer horizontal scale—that are associated with (local) shear in-
stabilities. Using this information, they proposed a new multiscale asymptotic model of stratified turbulence
at Pr = O(1), using the concept of ‘marginal stability’ to constrain the representative minimum values of the
gradient Richardson number to be O(1), thus determining key properties of ‘fast’ motions associated with
the presumed break down of these local shear instabilities. Importantly, this model recovers the usual (and
empirically observed) scaling law H* o« F'rL* for the vertical eddy scale, but predicts a characteristic vertical
velocity scale W* oc Fr'/2U* and a characteristic buoyancy scale B* oc Fr3/2L* N*2. These scalings for W*
and B* both differ from the corresponding predictions of Brethouwer et al.| (2007 as a direct consequence
of relaxing the assumption of a single horizontal length scale to allow for the idealized modelling of certain
important aspects of the spatiotemporally intermittent shear instabilities.

1.2 Stratified turbulence driven by horizontal flows at Pr < 1

By contrast with geophysical applications, the study of stratified turbulence driven by horizontal flows in
stellar interiors is still in its infancy. Most of the early work on the topic is summarized in the seminal paper
of |Zahn| (1992)), who estimated the vertical turbulent diffusivity D* of momentum, or of a passive scalar, in
terms of the energy dissipation rate €* and of the local fluid properties * and N*:

5*/{* 1/2
mu<WQ . (8)

To arrive at this conclusion, he made two assumptions: (1) that the vertical diffusivity is primarily due to
the largest eddies that are unstable according to (4), where the relevant vertical shear S* = u*(¢*)/¢*; and
(2) that * oc u*3(¢*)/¢*. Lignieres (2020) recently revisited Zahn’s argument, interpreting the relevant scale
* as a “diffusive” or “modified” Ozmidov scale, and explicitly writing it as

I{*:‘:*l/g 3/8
o= () 0

Using critical balance theory, |Skoutnev| (2023) then argued that it is possible to relate £5,,, and u*(£5,,)
more explicitly to properties of the larger-scale flow (U*, W* H* and L*), arriving at the conclusion that

. U*H* 1/4 . F’I”Q 1/4 . . FT’2 1/4 .
50 1/2 1/2
* * * Frz * T % U*SH*
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which is consistent with Zahn'’s estimate provided one further assumes that e* oc U*3/L*. Note that this
assumption, however, may only be true when the effects of buoyancy are sufficiently weak; see Mashayek
et al.| (2022]).

As turbulence in stars cannot be directly observed, and experimentation with Pr < 1 fluids is particularly
difficult, numerical simulations are best suited to provide insight into the low Pr regime. (Cope et al.| (2020)
and |Garaud| (2020)) recently presented a series of DNS of stratified turbulence driven by horizontal shear at low
Pr, focusing on flows where the outer scale Péclet number Pe is low and high, respectively. They found, as
in the Pr = O(1) simulations of Brethouwer et al.| (2007)), that the turbulence becomes highly anisotropic as
stratification increases (F'r decreases), and identified three distinct anisotropic regimes: (1) a fully turbulent
regime, (2) a regime where the turbulence is spatially and temporally intermittent (as viscosity begins to
affect the flow), and (3) a fully viscous regime (where viscosity completely controls the flow dynamics). In
the fully turbulent and intermittent regimes, the horizontal motions contain well-separated large and small
scales.

When Pe « 1, diffusion is important at all scales, regardless of the stratification. (Cope et al.| (2020])
found empirically that the vertical size and characteristic velocity of eddies in the fully turbulent regime

scale as " 16
HO((P@) L, WO((P6> U~ (11)
which notably differ from the predictions of |Skoutnev| (2023)). This discrepancy between the DNS results of
Cope et al.| (2020) and Skoutnev’s theory needs to be explained and is one of the principal motivations for
this paper. Interestingly, the prediction for the turbulent diffusivity D* oc H*W™ yields the same expression
(I10b)) as in |Zahn| (1992), [Lignieres| (2020) and [Skoutnev| (2023)), despite H* and W* satisfying different
scaling laws.

It is important to note, however, that |Zahn| (1992) did not distinguish between viscous and non-viscous
regimes or diffusive and non-diffusive regimes, assuming instead that the turbulence can always develop on
scales where diffusion is important but viscous effects are negligible. Yet, the results of |Cope et al.| (2020)
and |Garaud| (2020) demonstrate that viscosity always eventually begins to affect the turbulence as the
stratification increases, so its impact needs to be accounted for in the models. By analogy with |Brethouwer
et al.| (2007) and |Chini et al| (2022), one may expect the buoyancy Reynolds number Rey, to be the relevant
bifurcation parameter describing the impact of viscosity, a result that will be formally established in this
paper. |Garaud| (2020) also demonstrated numerically the existence of a regime of stratified turbulence at
Pe > 1 and Pr < 1 where diffusion is negligible. This is not surprising in hindsight, but was not anticipated
by|Zahn|(1992). She tentatively proposed that her data is consistent with H* o< Fr2/3L* and W*  Fr2/3U*
as long as viscosity remains negligible, which is surprising given that one might naively have expected to
recover the geophysical regime scalings in that case. She acknowledged, however, that her simulations may
not have been performed at a sufficiently high Reynolds number to be in a meaningful asymptotic regime
yet. As such, her findings need to be revisited.

The results presented above illustrate the complexity of stratified turbulence at low Pr, and motivate
the need for additional work to determine how many regimes exist, how salient flow properties scale with
input parameters in each regime, and finally, where the regime boundaries lie in parameter space. In this
paper, we therefore approach the problem systematically by adapting the multiscale asymptotic methodology
developed by [Chini et al.| (2022) for the Pr = O(1) regime to the low Pr regime. We begin in § by laying
out the model equations and boundary conditions and performing the same anisotropic scaling analysis as
Brethouwer et al.| (2007)), explicitly comparing the Pr < 1 and the Pr = O(1) cases. This analysis reveals
the crucial role of the buoyancy Péclet number (thus named by analogy with Rey), viz. Pe, = PrRey.
We then perform a slow-fast decomposition of the governing equations in § At high Pey, we recover
the results of [Chini et al.| (2022]) and highlight the reason why this multiscale approach leads to a different
vertical velocity scaling from the one derived by [Brethouwer et al.| (2007)). We then present new results at
low Pep. Our findings are discussed in § [4] where we use this analysis to partition the parameter space into
various regimes of stratified turbulence at low Pr and explicitly provide scaling relationships for the vertical
length scale and velocity in each case. Implications and potential applications of our results are presented

in §[
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2 Governing equations and anisotropic scalings

Consider a three-dimensional, non-rotating, incompressible flow expressed in a Cartesian coordinate system
where the vertical coordinate z* (with unit vector €,) is anti-aligned with gravity (g* = —g*é,). The fluid is
stably stratified, and has a mean density p§ and a constant background buoyancy frequency N*. Buoyancy
perturbations away from this mean state are incorporated in accordance with the Boussinesq approximation
(Spiegel and Veronis, [1960)). A body force F*é, is applied to drive a mean horizontally sheared flow (where
F* is a function of the spanwise variable y* only, and é, is the unit vector in the streamwise, i.e. z*,
direction). The dimensional governing equations are

ou* F*
u* +u* - Viu* = V*p* +b*e, + v Vrur + (g )ew, (12a)
ot P Po
V*.u* =0, (12b)
ab* * * 7 % *2 ok *rT k27 %
%+U~Vb + N*w* = g*V*D*, (12¢)

where V* = (9/0x*,0/0y*,0/0z*), u* = (u*,v*,w*) denotes the velocity field, p* the pressure, and b*
the buoyancy perturbation with respect to the background stratification. In accord with the Boussinesq
approximation, the fluid has a constant kinematic viscosity v* and constant diffusivity x*. All perturbations
from the stratified rest state are assumed to be triply periodic in a domain of size (L}, Ly, L}). Accordingly,
the body force is also assumed to be periodic in y*, with a characteristic length scale L* < L7.

2.1 Anisotropic scalings at Pr = O(1)

In the limit of strong stratification, vertical displacements are energetically costly, and hence, as discussed
in §1} fluid motions become strongly anisotropic (with u*,v* > w*). Therefore, it seems natural to non-
dimensionalize the governing equations ([12)) anisotropically. [Billant and Chomaz| (2001) and [Brethouwer
et al| (2007) have argued that the (dimensional) horizontal and vertical length scales of turbulent eddies

ought to be L* and H*, respectively, with an aspect ratio

*

L*

a= < 1, (13)
where the dependence of « on the stratification (and other governing parameters) is determined from the
following asymptotic analysis. We then introduce a new vertical coordinate ¢* such that

2" =al”. (14)

Consequently, if the horizontal velocity scale is U™, then the vertical velocity scale must be aU™* to respect
the divergence free condition without overly restricting the allowable types of flows. Time should be scaled
by the turnover time of the horizontal eddies L*/U*, and pressure by p5U*2. To ensure that the nonlinear
terms balance the forcing, U* = (FjL*/ pg)l/ 2 where F{ is the characteristic forcing amplitude. Finally,
the buoyancy scale is chosen to be H* N*2 to ensure that the vertical advection of the background stratifi-
cation enters the buoyancy equation at leading order and balances the horizontal advection of the buoyancy
fluctuations.

Denoting the horizontal components of the velocity as w; = (u,v), and similarly for the horizontal
gradient V| = (9/0x,0/0y), the dimensionless system is given by

a’u,J_ ou 1 82ul N

W—i—(ul VJ_)UJ_'F’LUTC:—VJ_Z)"‘FRO[ <2VJ_UJ_+3C2>+FQM (153«)

ow dw_ 1o b L agr, OV

8t+(uL VL)w-l—waC— - 8C+Fr2+Rea2 (aV w+8C2 (15b)
ow

VJ_ ’UJJ_+87<, 07 (15C)

ob ob 1 [ ey O

ot + (uy - VJ_)b-i-’wafC +w = Pea? ( Vib+ — 8§2 (15d)
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where all variables are now non-dimensional and

UL U U

Re = Nl e e

- = PrRe (16)
v

are the usual Reynolds, Froude, and Péclet numbers based on the characteristic horizontal scales of the flow.

When the stratification is strong, F'r < 1, and the buoyancy term in the vertical component of the

momentum equation is unbalanced unless it is compensated by the vertical pressure gradient. In other

words, the flow anisotropy implies that hydrostatic balance must be satisfied at lowest order, which then
requires

a = Fr, (17)

implying that the characteristic vertical velocity W* = FrU* while the characteristic vertical scale of the flow
H* =U*/N*. As discussed in this scaling for H* is well-established, and has been observed in several
laboratory and numerical experiments (Holford and Linden) [1999; Brethouwer et al., [2007; |Oglethorpe et al.,
2013)).

Keeping only the lowest-order terms in an asymptotic expansion of ina=Fr <1 yields

ou ou | 1 0%u, .
W'F(UJ_-VJ_)UL—i—wTC:—VJ_p-i-RiebTCQ'FFem, (18&)
op ow
87C7b’ VL.ule—aCfO, ({180p,c)
ob ab 1 0%
— . b — = —— 18)d
8t+('UzL Vi) eraCer Pey 00 (T3d)
where
Rey = a*Re (19)

is the usually-defined buoyancy Reynolds number and
Pey = PrRe, = o*Pe (20)

is the corresponding buoyancy Péclet number. Note that when Pr = O(1), the condition Re, > O(1), which
is necessary for viscous effects to be small or negligible, implies that Pe, = PrRe, > O(1). As such, the
effects of buoyancy diffusion are also small or negligible. The set of equations , which will be referred
to as the “anisotropically-scaled high-Pe;” equations hereafter, recovers the results of |Billant and Chomaz
(2001) and Brethouwer et al.| (2007).

2.2 Anisotropically-scaled equations for Pr < 1

When the Prandtl number is asymptotically small, however, it is possible to have a regime where Pe, <
1 < Rep. In this extreme limit, the diffusion term on the right hand side of ) becomes unbalanced,
unless the buoyancy field itself is much smaller than anticipated by the scaling H* N*2 used in the previous
section. The strongly diffusive limit has in fact already been studied by |Lignieres| (1999), who showed that
the buoyancy equation asymptotically reduces to a balance between the vertical advection of the background
stratification and the diffusion of the buoyancy fluctuations in that limit. In dimensional terms, we therefore
expect N*2w* ~ £*V2b*. With this in mind, we let b = Peyb in 7 (this is equivalent to scaling the
dimensional buoyancy by a3 N*2U*L*2 /k* instead of H*N*2), and anticipate that b = O(1). The resulting
dimensionless system becomes

8UJ_ 8uL__ 1 272 82’LLJ_ “

5 +(uL-Vi)u, +w ac VLp—i-—Reb (a VLuL—FiaCQ + Fe,, (21a)

ow (“)w__i@ Pey -+ 1 22 0%w

at"‘(ﬂj_ VJ_)w+waC— azac—l——FrQb—i——Reb <avlw+a<2 , (21b)
ow

VJ_.UJ_—’—FC_O’ (21C)
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b 911 [,y 0%

For sufficiently strong stratification, the vertical component of the momentum equation must again be in
hydrostatic balance, which requires

F2 F2
QQ:—T:L%Q:FW\/{, WhereFrM< (22)

Pe, o?Pe Pe

Fr? ) 14
is a modified Froude number (see [Lignieres| |2020; |Skoutnev| 2023). We therefore find that the characteristic
vertical length scale should be H* = (Fr?/Pe)'/*L*, and the characteristic vertical velocity scale should be
W* = (Fr?/Pe)'/4U*, recovering the results of Skoutnev| (2023), albeit using a different argument.

In the limit Frp; < 1 and Pe, < 1, keeping only the lowest order terms in (21a)—(21d) yields

8’u¢ 8uL 1 621& N

_— . —_— = — _— F 2
m +(ur-Vi)uL +w ac VLp—i-Reb ac + Feé,, (23a)
op - ow 9%b

_— = §7 . _— = = —_— 2

ac ba 1-uyL + 3( 0, w 3C2 b,C,d)

These scaling laws and governing equations are the low Pe, analogs of equations . In what follows, we
therefore refer to them as the “anisotropically-scaled low-Pe,” equations.

2.3 Evidence for multiscale dynamics

The two sets of anisotropically-scaled equations given by for Pe, > O(1) and for Pe, < 1 assume,
by construction, that horizontal scales are large, while the vertical scale is small. As such, they necessarily
describe the dynamics of weakly-coupled “pancake” vortices or horizontal meanders of the mean flow. They
cannot, however, capture the small-scale turbulence that is expected to develop from shear instabilities
between these layerwise horizontal motions (Chini et al., 2022). Yet, these instabilities are ubiquitous when
Rey, is large enough, and have been observed in laboratory experiments, inferred from oceanographic in situ
measurements, as well as in direct numerical simulations at Pr 2 O(1) (Gregg et al., 2018; |Caulfield} 2021)).

Furthermore, recent DNS of stratified turbulence in the Pe < 1 regime by |Cope et al. (2020) also
reveal that flows on small horizontal scales are important. As discussed earlier, they empirically find that
H* o« (Fr?/Pe)'/3L* instead of H* o (Fr?/Pe)'/*L* and that W* o (Fr?/Pe)/SU* instead of W* o
(Fr?/Pe)*/4U*. These results thus shed some doubt on the relevance of the low-Pe;, anisotropically-scaled
equations for modeling stratified turbulence, at least at large buoyancy Reynolds number.

As discussed in § Chini et al| (2022) have recently argued in the context of geophysical stratified
turbulence that one must take into account the fast, small horizontal scales and study their (marginally-
stable) interaction with the slow, larger-scale anisotropic flow to obtain a more complete and more accurate
model of stratified turbulence. Accordingly, we now propose to extend their work to the low Pr limit. The
next section first outlines the work of |Chini et al.| (2022) for pedagogical clarity, then extends the analysis
to the low Pr regime.

3 Multiscale models for stratified turbulence

We consider the same model set-up as introduced in Here, however, we make no assumption about the
amplitude of the vertical flow motions when non-dimensionalising the governing equations, and instead allow
it to emerge naturally from the analysis. Accordingly, we non-dimensionalize the vertical velocity by U*,
and correspondingly choose the buoyancy scale to be L* N*2. Then, the dimensionless system is

ou | wouy 1 29 0u .

o + (uy VL)uL—&-E—aC = VMH—Reb (a Viul + ac? + Fe,, (24a)
ow wow  10p b 1 99 &%w

ot +(UL.VL)w+a8C __048(+F7"2+Reb (a va+5C2 ’ (24D)
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1 0w
VL"U/L+587<—O, (24(‘,)
ab wdb 1 [,y O

These equations are the starting point for our analysis. We assume that Re, > O(1), and that Fr is
sufficiently small to ensure that o < 1, but make no other a priori assumption on the size of Pe;, at this
stage.

3.1 Slow-fast decomposition

We now perform a multiscale expansion of the system in the limit of small aspect ratio a. Following |Chini
et al.| (2022)), we assume the existence of two distinct horizontal length scales: the original large scales that
are O(1) in the chosen nondimensionalization, as well as much smaller horizontal scales that are O(«). With
that choice, small-scale fluid motions are isotropic by construction. We further assume that the flow has two
distinct time scales: a slow time scale associated with the turnover of the large horizontal eddies, as before,
and a fast time scale inversely related to the vertical shearing rate of the large-scale mean flow U*/H*. In
practice, we thus define the slow and fast horizontal coordinates as s = & and &y = x,/«, respectively
(henceforth, the subscript f denotes fast and s denotes slow). Similarly, we split time into slow and fast
variables, such that ¢y = t5/a where t; = t. Consequently, the partial derivatives with respect to time and
to the horizontal variables become

0 10 0 1
— = 4 = V,=-V;+V.,. 25
ot aatf+8ts i It (25)
All dependent variables (collectively referred to as ¢) are now assumed to be functions of both fast and slow
length and time scales: ¢ = q(xf, x5, (, Ly, ts; ).

Assuming the fast and slow scales are sufficiently separated, |Chini et al.|(2022]) then define a fast-averaging

operator (), such that

1 T
/ /q(wf,ws,C,tf,ts;a)dwfdtﬁ (26)
LLT Jo Jp

Awe, G liia) =, m
where D is a horizontal domain, with fast spatial periods [/, and [,,, and T is the fast time-integration period.
With this definition, § depends on slow variables only. Each quantity ¢ can then be split into a slowly-varying
field ¢ and a rapidly fluctuating component ¢’ = g — g, which implies that the fast-average of the fluctuation
field must vanish, i.e., ¢/ = 0. Note that ¢’ itself could, however, still depend on the slow length and time
scales.

We first substitute the expressions for V| and 0/0t into (24)), and split each field ¢ into g+ ¢'. We
then take the fast average of each of the four governing equations to obtain the evolution equations for the
mean flow, then subtract the mean from the total to obtain the evolution equations for the fluctuations.

Starting with the continuity equation, we have

10w 10w

1 ’ - ’
-V, . e e il =0, 9
an u' | +Vs-u, +V uL—l—aaC—FaaC 0 (27)
whose fast-average reveals that
v, oa+19% g (28a)
s 1 a@Qi
for the mean flow and ) Y
’ ’ w
ikl v e - = 28b
an u' | +V UL—'—a@C 0 (28b)

for the perturbations.
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A similar procedure for the horizontal momentum equation yields

ou | w ow | u’
pr, L Ve S (“i Vit a<l> v
1 [/0*w _
~VP+ 5 ( a?; + 042V§u¢> +F, (29a)

for the mean flow (where F' = F' = O(1) by construction), and

1ou, Ou/|

1
+EEJ_~Vfu’l —|—ﬂJ_'Vsul+ul~VSﬂJ_+au’l'Vfu’l+ul~vsu'l

a dty ot
+1 ( 851} +w 8”; +w’ag<l) = —évfp/-i- R%b (Vﬁvul + 8;?;)
+$ <u'L V| +w' 8;3) +u/| Ve, (29b)
for the fluctuations.
The mean buoyancy equation is
ngi+uJ' vg,.,.ggz 1 (ul.vfb’_y-w/gg)—i—w—i—w:]j%(gzg—i— 2V§b>, (30a)

while the corresponding fluctuation equation becomes:

;gtb; + gf; + ém : Vfb’ + ' - Vb+ éuﬁ_ AV TR
() e (0 )
+é <ul~Vfb’+w gg)'i_uL Vb (30b)
Finally, the mean vertical momentum equation is
gt wg‘g’f 1 (wl- / 8“!) Vo
=—;g§+;ﬂ+;a, (a;gzjtoﬂvﬁu)), (31a)
while the fluctuations satisfy
/
“or Yot v
Rt ) g (2
+$ (u’l -Viw' + wﬁ@tg’) +u' V' (31b)

We see, as noted by [Chini et al.| (2022]), that the effective Reynolds and Péclet numbers of the fluctuation
equations are Rep/a and Pey/a, respectively, which implies that the fluctuations are formally much less
viscous and [ess diffusive than the mean. This perhaps counterintuitive conclusion is a direct consequence
of the flow anisotropy.
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3.2 Multiscale model at Pe, > O(1)

We begin by summarizing the steps taken by |Chini et al.| (2022) to derive a reduced multiscale model for
stratified turbulence at Rey,, Pe, > O(1), as much of the analysis proves to be similar at low Prandtl number.
Following that work, we posit the following asymptotic expansions:

b, p, i, w] ~ [bo, o> wro, wo] + '/2[b1, p1, w1, wi] + alby, pa, wio,we] 4. .. (32)

The expansions start at O(1) to reflect the expectation that the dominant contributions to the pressure
and the horizontal velocity arise on large horizontal scales. The expansions for b and w also start at O(1),
although we readily show below that wy and by must both vanish when o — 0. Finally, the expansions
proceed as asymptotic series in o'/? following the results of |Chini et al. (2022)). They demonstrated that,
because the small-scale fluctuations are isotropic, u’ and w’ are necessarily of the same order. Inspection of
the mean horizontal momentum equation then immediately reveals that both fields need to be O(a'/?) to
ensure that the Reynolds stresses feedback on u | at leading order. (See below for further details.)

With these choices, we substitute (32)) into the equations with multiscale derivatives presented above,
analysing in turn the continuity equation , the horizontal component of the momentum equation ,
the buoyancy equation , and finally, the vertical component of the momentum equation . At each
step, we match terms at leading order to infer their sizes and respective evolution equations, and thus derive
a reduced model for the flow.

Considering first the mean continuity equation , we see that 0cwy = O¢cwy = 0, implying wo = w1 =0
to suppress unphysical ‘elevator modes’ (that are allowed by the vertically periodic boundary conditions)
from our model. Consequently,

Vs'ﬁlo+aaiué2:0. (33a)
In the fluctuation continuity equation , the second term is clearly much smaller than the first and can
therefore be neglected from the leading-order set of dominant terms. Substituting the asymptotic series
we then see that
Vo 2% (33b)
f 13 8€ =Y
for i = 0,1 (for larger values of ¢, the slow derivative of u’ ;5 should be taken into account).

We now turn to the mean horizontal component of the momentum equation . The Reynolds stresses
must be O(1) to feed back on the mean flow, so u’ and w’ must both be O(a'/?). Hence, v/, = 0 and
w(, = 0, yielding w, ¢ = @, o and that wy = 0, since wy = 0, too. (See|Chini et al|2022} for a more detailed
discussion of why u/| ; = 0.) In the horizontal momentum equation for the fluctuations, the fast dynamics
take place at O(a~1/2) since u’ = O(a!/?). Ensuring that pressure is a leading-order effect implies that
py = 0, so po = Po, as expected. Many of the remaining terms are formally higher order, including all
fluctuation-fluctuation interactions, which are O(1) or smaller. Of the nonlinear terms, the only ones that
contribute at leading order are quasilinear: a~'u, - Vsu/ and a~'w'0,w, . Therefore, after substituting
into and retaining only the leading terms, we obtain

duio  _ — _Juig _ _ 0 (= R T —

at. +ULO'VSul0+wQTC = —Vspo— afc (wlull) +R76b a<2 + F, (343,)
ou’ _ TR a 0*u’

851 +u - Viu' ) +w) o = —Vpi + Ter (V?«u’ﬂ + aczll , (34b)

where the formally higher-order Laplacian term has been retained to regularize the fluctuation equation.
Next, we examine the buoyancy equation, which reveals the sizes of b and b’. In the mean equation
([30a)), w = O(«), and the buoyancy flux term is formally also of that order (see |Chini et all, [2022, and also
below). Thus, b = O(a) as well, as long as Pe;, > O(1), which is implicit in the regime considered in this
section, implying by = b; = 0. The size of the buoyancy flux can be confirmed by inspection of the buoyancy
fluctuation equation . To be in a regime in which the stratification impacts the turbulent motions, the
O(V' /) fast dynamics must be of the same order as the advection of the background stratification, which is
O(w') = O(a*/?). This ordering implies that b’ = O(a?/?), so by = b, = by, = 0. Consequently, by = b; = 0,
and by = by. Fluctuation-fluctuation interactions in this equation are again formally higher order, and the

Page 11



Shah et al. Regimes of stratified turbulence at low Prandtl number

only remaining nonlinearities are quasilinear. At leading order, using in shows that the mean and
fluctuation buoyancy equations are

by b D 1 9%,
ot +Uig- Vb + wzafc + wa = 5C (w1b3> + Pey a2’ (35a)
8 b (952 « 52b!,

where as before the diffusion term in the fluctuation equation has been retained for regularization.

Finally, we identify the leading order terms in the vertical component of the momentum equation. In
the mean equation , a hydrostatic leading-order balance requires a = F'r, as in the anisotropically-
scaled model described in § This specification, when applied to the fluctuation equation , is quite
satisfactory as it implies that the fluctuating buoyancy force b’/ Fr? arises at leading order. It can also easily
be shown that, once again, fluctuation-fluctuation interactions are negligible at leading order, so the fast
dynamics are quasilinear. Substituting into and using all of the information available, we obtain
the leading order mean and fluctuating components of the vertical momentum equation,

o7,
apc bo, (36a)

ow,  _ _op 8211)'

atfl Viw) = 5 Cl + by + Ter <v2 84‘21> , (36h)

where the formally higher-order viscous term has been retained to regularize the fluctuation equation.

The system of equations formed by (withi = 1), , and 7 is equivalent to equations (2.28)—
(2.35) in |Chini et al,| (2022)), the only differences arising from a different choice of non-dimensionalization.
These equations are fully closed and therefore self-consistent. Crucially, the resulting system is quasilinear,
and can be solved through appealing to (plausible and empirically supported) marginal stability arguments
for the fluctuations as discussed by |[Michel and Chini| (2019) and |Chini et al.| (2022).

These equations are valid whenever @ < 1 (equivalently, F'r < 1 since a = Fr), and the buoyancy
Reynolds and Péclet numbers are both O(1) or larger, thus allowing for the growth and saturation of the
fluctuations via interactions with the mean. When Pr = O(1), Rep > O(1) necessarily implies Pe, > O(1),
so the two conditions are equivalent. Since Re, = o Re, this condition is equivalent to Re, Pe > O(Fr=2).

For low Pr, these reduced equations remain valid as long as Rey,, Pe, > O(1). However, for sufficiently
low Pr it is possible to have an intermediate regime where Re, > O(1) while Pe, = PrRe, < 1, and that
regime is not captured by the reduced equations derived here and in [Chini et al. (2022)). Yet, this scenario
is likely to be relevant in stellar interiors, where Pr is asymptotically small (Garaud et al 2015b)). We now
perform a similar analysis to develop a multiscale model that is valid for low-Pe; flows.

3.3 Multiscale model for Pe, < 1

In the limit of small Pe;, the arguments presented above continue to apply for the continuity equation and
the horizontal component of the momentum equation, neither of which involve buoyancy terms. However, the
procedure subsequently fails because diffusive effects dominate in the buoyancy equation and are unbalanced
unless b is much smaller than expected, mirroring the argument made in § To capture this correctly
within the context of our proposed multiscale model, we must introduce a two-parameter expansion for small
a and small Pey, in lieu of .

As in |Chini et al.| (2022)), we assume that the asymptotic expansion in « proceed in powers of a'/2 and
show the self-consistency of this choice below. Inspired by [Lignieres| (1999), we now also assume that each
field can be expanded as a series in powers of Pe, as well. We therefore have

QZQO0+041/2QO1 +aqgoe + -+ Pey (Q10+041/21111 +ONI12+---> +O(P€§)7 (37)

for g € {u,,p,w,b}, and assume that @, 99 = O(1) and pgo = O(1) to balance the forcing. We then proceed
exactly as before, substituting in turn into the multiscale continuity equation , the horizontal

Page 12



Shah et al. Regimes of stratified turbulence at low Prandtl number

component of the momentum equation , the buoyancy equation 7 and the vertical component of the
momentum equation , to extract the relevant reduced equations at leading order.

Starting with the mean continuity equation , we find again that w = O(«a) and hence Wy = wWo; = 0.
Equation further implies that O(u/| ) = O(w’), so

_ Owoy
Vs Wioo + TC =0, (38a)
ow},
Vi + a—gl =0. (38b)

From the mean horizontal component of the momentum equation , w’ | and w’ must both be O(a'/?)
as before, hence v/, ;, = 0 and wpy = 0, 50 U100 = Wioo and woy = 0. The inferred sizes of the velocity
fluctuations again shows that fluctuation-fluctuation interactions are formally higher-order, and the only
remaining nonlinearities in the corresponding fluctuation equation are quasilinear. Finally, for the
fluctuating horizontal pressure gradient to influence the fluctuations of horizontal velocity at leading order,
p' = O0(w)) = O(a'/?), hence pj, = 0. Substituting into and (29D)), using these deductions and
retaining only the lowest-order terms, shows that

Owio0 _ _ Ouio _ 0 (——— 1 0% 00 .

o, + (@100 Vs)Wioo + wozTC = —VsPgo — ac (w(’nulm) + Ty 002 + Fe,, (39a)
Ou’ - du 0o ol 0*u/

8;01 + (Wi - V)u' g1 + wiy o = -V pp + Ter V?u’ml + ﬁ , (39Db)

where the viscous term in the fluctuation equation has been retained for regularization.

Thus far, each step in the analysis has been identical to that taken in the previous section. Rapid
diffusion, however, affects the size of the mean and fluctuating buoyancy fields b and ¥, and does so in
different ways because the effective Péclet number of the fluctuations is larger than that of the mean flow.
More specifically, having assumed in this section that Pe, < 1, we see that two possibilities arise when
a < 1: either a < Pe, < 1, in which case diffusion is dominant in the mean buoyancy equation but
negligible in the fluctuation buoyancy equation, or Pe, < « in which case diffusion is dominant at all scales.
In what follows, we investigate both cases in turn.

Before doing so, however, we note that the mean buoyancy equation in both cases is unbalanced
unless b = O(aPey,) to match the @ term (again mirroring the arguments given in § . This implies
bo; = 0, Vi, and byg = b11 = 0. At lowest order in Pey, the only surviving terms in are therefore

1/, o 1 0%
- -V 1= W= — —, 40

a(“ ! “”84)“” Pe, 0C2 (40)
where the size of I is yet to be determined and differs depending on the relative sizes of Pej, and «. For this
reason, we have retained the turbulent buoyancy flux for now.

3.3.1 Case 1: o < Pep < 1 (the intermediate regime)

We first consider a scenario in which @ < Pep < 1 and henceforth refer to this part of parameter space as the
“intermediate regime”. While diffusion dominates the mean buoyancy equation, the fact that «/Pe, < 1
implies that it only formally enters the buoyancy fluctuation equation at higher order. Because of
this, the evolution of V' is very similar to that obtained in |Chini et al.| (2022). As in § we ensure that
the background stratification influences the fast dynamics of b’ by requiring ¥’ /a = O(w’) = O(a'/?), so
v = O(a?/?). This implies that b, by, bhy = 0, but bjs # 0.

Substituting the ansatz (37)) into the mean and fluctuation buoyancy equations and using the information
collected so far we therefore have

0 (——— 0%b

o (whb6s) + o2 = e (41a)
Oy | _ - 2 9%bps

th‘f'UJ_OO'vJCng"‘wél = Pieb Vf 63"’8742 5 (41b)
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where the diffusion term for the fluctuations can be retained to regularize the equation, but is formally higher
order.

We note that the reduced buoyancy fluctuation equation in this regime differs slightly from the one
derived by |Chini et al.| (2022]) given in ), because it does not contain a term of the form w; 9b/A¢, which
is formally higher-order when Pe, < 1. Also, we see that the mean buoyancy equation in that regime differs
from the asymptotic low Péclet number (LPN) equations of [Lignieres| (1999)), which would not contain a
turbulent flux term. This discrepancy arises because his derivation assumes that all dynamics are diffusive,
whereas in this intermediate regime the fluctuation dynamics are not and can therefore influence the mean
buoyancy field at leading order.

Finally, we examine the vertical component of the momentum equation. Based on past experience in the
Peyp > O(1) case (see §, one would naively expect to recover hydrostatic equilibrium at leading order in
the mean vertical momentum equation . Because b = O(aPey), this would imply o = (Fr?/Pey)'/?
as in the low-Pe;, anisotropically-scaled equations of § However, that choice leads to an irreconcilable
inconsistency in the fluctuation equation : the fluctuation pressure gradient term is O(a~/?), as are
the fast inertial dynamics of w’, but the fluctuation buoyancy term is O(a’/2/Fr?) = O(a~'/2/ Pey), which
is formally much larger than any other term and is therefore unbalanced. In order words, we cannot reconcile
hydrostatic equilibrium at leading order for the mean flow with a balanced equation for the fluctuation w’.

The solution to this conundrum is to insist instead that the equation for w’ be balanced, in which
case O(a~?) = O(a®/?Fr=2), thereby recovering the standard scaling relationship o = Fr (Billant and
Chomaz, [2001; Brethouwer et al. 2007; |Chini et al., [2022). With this choice, the leading-order vertical
pressure gradient in the mean equation is asymptotically small (e.g. as for the wall-normal pressure gradient
in laminar boundary-layer theory of Batchelor} |1967)). This perhaps unexpected result is discussed in §
below. Substituting into , we obtain the reduced mean and fluctuating vertical component of the
momentum equation at leading order,

dPpoo
— 42
e =0. (42)
woy | o1 o 2 32“’61
atf +Uio00- Vfw61 - ac + b63 + R@b vfw(/)l + 8<2 ’ (42b)

where the higher-order viscous term is added to regularize the fluctuation equation.

The set of equations formed by , , , and are the intermediate regime analogs of the
reduced model given in (Chini et al.|(2022). They are valid as long as Rep > O(1), and o < Pej, < 1. Given
that « = Fr in this regime, this inequality constraint is equivalent to requiring that Fr <« 1 (so a < 1),
Re > Fr=2, and Fr~! <« Pe < Fr~2. The physical implication of these equations, and their potential
caveats, are discussed in § [4

3.3.2 Case 2: Pep < o (the fully diffusive regime)

We now consider the regime where Pe, < «, in which both mean and fluctuating buoyancy fields are

dominated by diffusion. Accordingly, we refer to this part of parameter space as the fully diffusive regime.

Inspection of shows that the diffusion term in the fluctuation equation is unbalanced unless b’ =

O(Peyw'). We previously found that the vertical velocity fluctuations are O(«!'/?), which implies here that

V¥ = O(a'/?Pey). We conclude that b)), = 0 Vi, and that b}, = 0 as well. Combined with the results obtained

from analysis of the mean buoyancy equation in the diffusive limit, we conclude that byp = 0 while by; = b};.
Using this information and substituting into , we obtain at lowest order

_ 9%b12

Wo2 = TCQa (43a)
r_ AN 82 /11

woy = Vb + 2 (43b)

which is as expected from the LPN dynamics central to this regime (Lignieres, |1999). The buoyancy equation
is linear and does not contain any time dependence, instead instantaneously coupling the vertical velocity
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and buoyancy fields to one another. The validity of Lignieres’ LPN equations was verified numerically by
Cope et al.| (2020]), for instance.

As usual, the last step of the derivation involves analysis of the vertical component of the momentum
equation. As in § requiring hydrostatic equilibrium for the mean flow would imply o? = Fr?/Pe,
(Lignieres, 2020; [Skoutnev, 2023), but leads to an inconsistency in the fluctuation equation, where the
buoyancy term would be unbalanced. To see this, note that b'/Fr? = O(a'/?Pe,/Fr?) = O(a™3/2) with
that choice for a, while the fluctuating pressure term (and all other dominant terms in the equation) is only
O(a~'/?). As in the previous section, the resolution to this inconsistency is to insist that the buoyancy term
in the fluctuation equation should be balanced instead. Here, this implies

p/ b F7‘2
(a) O(Fr2> “ Pey’ (44)
using the fact that p’ = O(a'/?) and ¥ = O(a'/?Pe;). Recalling that Pe, = a?Pe, we then recover the
crucial scaling relationship
F?"z 1/3 4/3
a(Pe) :FTN/[ 7 (45)

which had originally been proposed by [Cope et al.| (2020) based on their DNS data. Our multiscale analysis
therefore provides a sound theoretical basis for their empirical results.
After substituting into and using the available information, we obtain

8% =0, (46a)
Jwpy — Iy o 2 82w61
ot + (@roo - Vy)wy, = Toc + by + Rer Viwg, + a2 ) (46b)

which is very similar to the system obtained in the intermediate regime studied in § [3.3.1] except for the
appearance of the buoyancy fluctuation term b}, instead of bj;. As before, formally higher-order viscous
terms are retained to regularize the fluctuation equation.

The set of equations formed by , , 7 and are the fully-diffusive regime analogs of the
reduced model derived by |Chini et al.|(2022)). They are valid as long as Re, > O(1), and Pe, < a < 1. Given
that a = (Fr?/ Pe)'/3 in this regime, this parameter constraint is equivalent to requiring that Fr? < Pe
(to ensure @ < 1), Pe < Fr~! (to ensure Pe, < ), and Pe > Pr2Fr=* (to ensure that Re, > O(1)). The
three conditions demarcate a triangle in logarithmic parameter space in which the equations are valid — see
§[.2] As an important self-consistency check, we see that the Pe, = « transition between the fully diffusive
and intermediate regimes is the same (Pe = Fr~!) whether the transition is approached from the former
or latter part of parameter space. In the next section (§ , we consider the physical implications of these
equations as well as potential caveats on their applicability.

4 Discussion

In this study, we have extended the results of |Chini et al| (2022) by performing a multiscale asymptotic
analysis of stratified turbulence at low Prandtl number. Our work demonstrates the existence of several
different regimes depending on the strength of the stratification (quantified by the inverse Froude number)
and the rate of buoyancy diffusion (quantified by the inverse Péclet number). In each regime, the asymptotic
analysis self-consistently yields a slow-fast system of quasilinear equations describing the concurrent evolution
of a highly anisotropic, slow, large-scale mean flow and isotropic, fast, small-scale fluctuations. The large-
scale anisotropy is characterized by the aspect ratio « (the ratio of the vertical to horizontal scales of the
large-scale flow), whose functional dependence on F'r and Pe naturally emerges from the analysis. The
various regime boundaries are locations in parameter space where relevant Reynolds and Péclet numbers
arising in the mean flow and fluctuation equations are O(1), signifying transitions between viscous and
(formally) inviscid dynamics, and/or diffusive and non-diffusive dynamics. We now summarize our findings
in each regime and then discuss the model assumptions as well as the implications of our results for low
Prandt]l number fluids.
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4.1 Synopsis of multiscale equations and their validity

The first regime is characterized by Fr < 1 and Pey, Re, > O(1), where Re, = a?Re and Pe, = a?Pe. In
this regime, we recover the reduced model of |Chini et al.|(2022) and confirm that & = Fr. Recalling that,
at leading order, w} = w'/a'/?, by = b /a’/?, etc., that 9/0t; = ad/dt (and similarly for V and V), and
finally that 9/0¢ = ad/0z, we can rewrite 7 , and as the following quasilinear system for
mean and fluctuations, expressed in the original isotropic (single-scale) variables.

Mean flow equations:

o o — 1 9*u _
5r UL VEL = Vb= o (W) + oS + e, (47)
0p b _
£ _ .U = 4
9~ 2 V- -u=0, (47Db)
ab - 0 —— 1 0%
Fluctuation equations:
ou’ ou 1
gtl tm, Vo, + w'% = —Vip + VR (47d)
ow' , op b 1,5,
ot +UL'VLM—*$+FTZ+EVU), (476)
V-u' =0, (47f)
o b 0b 1y,
E'FUJ_VJ_b +w£+w—EVb (47g)

This system, which is equivalent to equations (2.28)—(2.35) in [Chini et al.| (2022)), is valid when Fr < 1,
and Re, Pe > O(Fr~2), corresponding to Rey, Pe, > O(1). One advantage of re-casting the equations
in the original isotropic variables is now clear: the system has the exact form that one would, absent the
asymptotic analysis, assume when making a quasilinear reduction of the Boussinesq equations (e.g. |Garaud,
2001; |Fitzgerald and Farrell, 2018} |2019). In this work, we have demonstrated that this form is in fact a
natural outcome of the slow-fast asymptotic expansion, and is therefore asymptotically exact in the given
distinguished limit.

Dimensionally, this regime has a characteristic vertical scale H* = oL* = U*/N*. The characteristic
vertical velocity is W* = o/2U* = (U*3/N*L*)"/?, and w is dominated by small-scale fluctuations. The
characteristic buoyancy scale is N*2H*, and b and dominated by large scales. Note that the horizontal
field u is predominantly large scale, by assumption, but contains small scales with (dimensional) amplitudes
O(Fr'/2U*). These findings have been validated in numerical and laboratory experiments (Holford and
Linden} 1999; |Brethouwer et al., 2007} |Oglethorpe et al., |2013; Maffioli and Davidsonl [2016), with at least
suggestive observational evidence of this ‘layered anisotropic stratified turbulence’ (LAST) regime being
obtainable from seismic oceanography surveys (Falder et al.l [2016).

The scenario in which F'r < 1, Rey > O(1) and o < Pey, < 1 is an intermediate regime where the mean
flow is diffusive while the fluctuations are not. In this regime, we also find that a = F'r. The slow-fast system
of equations , , , and , expressed in the original isotropic single-scale variables, becomes the
following quasilinear system.

Mean flow equations:

ouy 00— 1 0%y .
L . = _ - = — 2 4 Fe,, 4
5 L VEL=-V.p 8z(wUL)+R€ 52 T (48a)
op
6125) :07 Vﬁ:O, b,C)
_ 0 — 1 0%
w= 5, W)+ po g [#81)
Fluctuation equations:
6UIJ_ _ , ,0u , 1 _,,
ot +u, -Viu, +w B VJ_}?'FRQVUJ_, (Sb)
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o' L W

2,/
: == — 4
5 +uw, -Viw 8z+FT2+Revw’ (48¢)
Vou' =0, (48d)
o' / ’_ 1 271

These equations are valid for Re > Fr=2 (so Re, > O(1)) and Fr~! < Pe < Fr=2 (so a < Pe, < 1).
By writing them in the original isotropic variables, we now see that the correct quasilinear equations at this
order are almost the same as in the [Chini et al. (2022) regime, except that terms in b are dropped (in the
mean hydrostatic balance and in the buoyancy perturbation equation) because they are formally of higher
order. In addition, the mean buoyancy equation takes the LPN form of |[Lignieres et al|(1999), modified by
the fluctuation-induced buoyancy flux.

Dimensionally, the vertical length scale and vertical velocity scale are the same as in the non-diffusive
regime. The buoyancy field, however, is now dominated by large scales if Pe, > a'/? and by small scales if
Pey, < a'/2. Testing these scaling laws numerically will be very difficult, unfortunately, because the range
of the intermediate region is very small (holding Pe constant while varying Fr~! or vice-versa) unless Pr is
itself very small.

Finally, the case where Fr < 1, Re, > O(1) and Pe, < « corresponds to a fully diffusive regime in
which both the mean flow and fluctuations are dominated by diffusion and satisfy the LPN balance derived
by [Lignieres| (1999). In this regime, we have demonstrated that o = (Fr2/Pe)'/3. The slow-fast system of
equations (38)), (39), (43) and , written in the original isotropic single-scale variables, is given below.
Mean flow equations:

ou | o o _ 0 — 1 62HL _
L iw va, = -V p— — — 5 Fe,, 4
P +u, -Vu, V.p 8z(wul)+Re 5.2 + Fé (49a)
o
£:07 Vﬁ:07 b,C)
1 0%
W= ———, 49|d
Y= Peoz? (194)
Fluctuation equations:
ou’ _ ou | 1
atl +uw, -Viu| + M/W =-V.p'+ EV%L’J_, (49Db)
ow'  _ , op’ v 1 _,,
ot +u, Vlw 82+FT‘2+R6vw7 (9C)
V-u' =0, (49d)
1
U}/ = EVZI)I. (496)

This system is valid for Re, > O(1), and Pe, < a < 1. As a = (Fr?/Pe)'/?, these constraints are
equivalent to Fr? < Pe (so that a < 1), Pe < Fr~! (so that Pe, < «), and Pe > Pr3Fr=% (so that
Rey > O(1)).

Dimensionally, the characteristic vertical length scale H* = aL* = (Fr?/Pe)'/3L* = (U*k*/N*?)1/3,
The characteristic vertical velocity W* = a'/2U* = (Fr?/Pe)Y/SU* = (U*"k* /N*2L*3)'/6 and is dominated
by small-scale fluctuations. The characteristic buoyancy scale is Pe(Fr2/Pe)®/6L* N*2
= (U*1V/6*=1/6 N*=5/3[*=3/2) [* N*2 and is dominated by small-scale fluctuations as well. These scalings
have been validated by the DNS of |Cope et al.| (2020)).

Crucially, we find that in all three regimes the characteristic vertical velocity W* = o'/2U* is significantly
larger than that predicted from the anisotropically scaled equations given in § 2.I]and §[2:2] where W* = aU*.
This larger scaling has implications for turbulent vertical transport of buoyancy and passive scalars in stellar
interiors (see § [5)).

Finally, note that in all of these regimes, we have assumed Re, > O(1) which then implies that Rep > «
since & < 1. Recalling that the fluctuation equations have an effective Reynolds number Rep/«, this
condition is necessary to ensure that the small-scale fluctuations can develop without being suppressed by
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viscosity, and is therefore key to the multiscale expansions derived here. When Re, < 1, viscous effects
become important and could strongly affect our conclusions. We do not pursue this issue further here,
deferring discussion of viscous regimes to a future publication.

However, our results thus shed doubt on whether there is any region of parameter space in which the
anisotropically-scaled equations (see § in the large Pr limit and § in the low Pr limit) apply while
viscous effects are at the same time negligible. Indeed, by construction these equations are valid only when
small-scale fluctuations are suppressed, but we see that this requires Re, < O(«), in which case viscosity
should play a dominant role in the mean equations and would impart a vertical length scale to the mean
flow that necessarily is O(Re~'/?) (c.f. Godoy-Diana et al., 2004; Brethouwer et al., [2007; Waite, 2014; Cope
et al., [2020).

Using existing algorithms for slow-fast systems (Michel and Chinil 2019} |Chini et al., [2022; |Ferraro, [2022)),
our ongoing work involves numerically solving these multiscale equations for a range of values of Rep, which
would allow numerical identification of values at which these behaviours begin to take effect (Shahl [2022)).

4.2 Regimes of stratified stellar turbulence

Our findings partition parameter space into various regimes of stratified turbulence, which are illustrated
in figure [1| for a Pr = 1 fluid (top) and a Pr = 107% fluid (bottom). The latter is typical of some stellar
interiors (see (Garaud, [2021). In both panels, the horizontal axis shows the inverse Froude number Fr~!, so
that stratification increases to the right. The vertical axis shows the outer scale Péclet number Pe, so that
diffusive effects decrease upward. In both panels, the grey region shows where « is O(1), so the large-scale
flow is isotropic; this regime is not the focus of our study. For stronger stratification, the large-scale flow
becomes anisotropic, and the possible regimes of stratified turbulence depend on Pr.

For Pr = O(1), shown in the upper plot, the partitioning of parameter space for Fr~! > 1 is straightfor-
ward. When Pey, Rep, > O(1) (green region), viscosity and diffusion play a secondary role in both the mean
and fluctuation dynamics. This is the regime studied by |Chini et al. (2022)). By contrast, if Pe;, Rep < 1
(white region) then both effects begin to influence the flow dynamics and cannot be ignored. The transition
takes place when Re, Pe ~ Fr—2.

At low Pr, diffusion becomes important long before viscosity does, so the Pe, = O(1) transition is distinct
from the Re, = O(1) transition. This distinction opens up parameter space to the two new regimes discussed
in this work: the intermediate regime (yellow region, the dynamics of which are described in § and
the fully-diffusive regime (purple region, the dynamics of which are described in §. We now clearly see
that the fully-diffusive regime is confined to a triangle in log-log parameter space for a given Prandtl number.
It is delimited from above by the intermediate regime (yellow region), from below by the isotropic regime
(grey region), and from the right by the viscous regime (white region). More specifically, it is bounded by
the points A (Fr~' =1,Pe=1),B (Fr~! = Pr-',Pe = Pr~') and C (Fr—!' = Pr—'/2, Pe = Pr) and
thus becomes increasingly wide as Pr decreases, but shrinks towards the point A as Pr — 1.

A major implication of our results is that, depending on the choice of Pe, different regimes are encountered
as the stratification increases. We now discuss horizontal transects through figure [} for different values of
Pe. We first consider the case Pr < Pe < 1, which is the regime discussed in |Cope et al.| (2020)). As Fr~1
increases, our model predicts that the turbulence ought to be isotropic until Fr~—! = Pe~!/? (interestingly,
because diffusion partially relaxes the effects of stratification when Pe < 1). As Fr~! continues to increase,
the turbulence enters the fully diffusive (anisotropic) regime, and remains in that regime until Fr=! =
(Pe/Pr3)Y/4, at which point viscosity begins to affect the mean flow. This series of regime transitions is
qualitatively consistent with what is observed in the low Prandtl number DNS of |Cope et al.| (2020]).

At the other extreme, let us consider a transect for Pe > Pr~!, which is the case considered by |Garaud
(2020), who primarily analysed simulations for which Pe = 60 and Pr = 0.1. This regime is relevant
for strongly sheared layers in stellar interiors, such as the solar tachocline. For moderate stratification,
namely 1 < Fr—! < Pe, our analysis shows that the turbulence is expected to be both anisotropic and
non-diffusive, and its properties should be captured by the model of |Chini et al.| (2022)). As stratification
increases past Fr—! = Pe, the turbulence is predicted to enter the intermediate regime, where the mean
flow is dominated by diffusion but the fluctuations are not. Beyond Fr~! = \/Pe/Pr, viscous effects should
become important. Note how, at these large values of the Péclet number, the fully diffusive inviscid regime
discussed in §[3:3:2] is not accessible. Instead, viscosity begins to influence the mean flow before diffusion
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Figure 1: Regime diagram for a fluid with Pr = 1 (top) and a fluid with Pr = 107% (bottom). The Péclet
number is on the vertical axis the and inverse Froude number is on the horizontal axis (such that stratification
increases to the right). Regions of unstratified, isotropic turbulence are marked in grey. Regions in white
are viscously controlled, and will be discussed in future work. In both panels, the blue dashed line marks
the transition Pe, = O(1) where the mean flow becomes diffusive, and the red solid lines mark the viscous
transition where Re, = O(1). With Pr < 1 (bottom panel), it is possible to have Pe, < 1 < Rey, i.e.
regimes of thermally diffusive stratified turbulence, which are not possible when Pr = O(1). In that case, the
solid blue line marks the transition where Pe, = O(a) where the small-scale fluctuations become diffusive.
A region of parameter space opens up between Pe, = O(1) and Re, = O(1), where the two new regimes
identified in this work exist: the intermediate regime, marked in yellow, and the fully diffusive regime marked
in purple, bounded by the three corners of the triangle labelled A, B, C' (see main text). A parameter set
indicative of the solar tachocline is marked with a black circle, using typical parameters given by |Garaud
(2020) (Pe =108, Fr—! =10%).
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influences the fluctuations.

This series of regime transitions is indeed qualitatively consistent with the simulations reported in|Garaud
(2020). Specifically, she found that the turbulence is mostly isotropic for Fr~! < 1, then becomes anisotropic
with little effect of diffusion for intermediate values of Fr~!. However, her empirically-derived scaling laws
(H* oc Fr?/3L*, W* o< Fr2/3U*) do not match those predicted by the (Chini et al.| (2022) theory; a target for
future work is to revisit the data to determine whether this discrepancy can be explained. For even larger
values of Fr~!, Garaud (2020) found that diffusion becomes important, and that the dynamics are governed
by the LPN equations. However, at this point the turbulence is also in an intermittent regime where viscosity
partially suppresses the fluctuations, a situation qualitatively consistent with predictions from figure

Finally, the case where 1 < Pe < Pr~! is relevant for weaker shear layers in stellar interiors. As Fr—!
increases, our multiscale analysis predicts that the turbulence ought to be isotropic until Fr—' = 1, at which
point the regime analysed by |Chini et al.| (2022)) sets in and both the mean and fluctuation dynamics are
non-diffusive. As the stratification continues to increase, the vertical eddy scale decreases gradually until
the mean flow becomes dominated by diffusion at Fr~! = v/Pe and the intermediate regime is manifest.
The flow dynamics remain essentially unchanged in that regime until diffusion also begins to affect the
fluctuations as well, at F'r—! = Pe, at which point the turbulence becomes fully diffusive. Finally, viscous
effects begin to be important when Fr—! = (Pe/Pr3)1/4. To date, no DNS have been published probing this
range of Pe. Verifying the existence of these successive transitions with DNS is one of our areas of active
work.

4.3 Mathematical considerations

Having constructed a map of parameter space based on the results of our multiscale analysis, we now discuss
important consequences and caveats of the resulting reduced models. As in |Chini et al. (2022)), we find
that the reduced equations in each regime form a closed set describing the concurrent evolution of a highly
anisotropic large-scale mean flow together with isotropic small-scale fluctuations. Crucially, the fluctuation
equations derived in all regimes identified are linear in the fluctuation fields, but feed back nonlinearly on the
mean flow evolution. The reduced models thus all have a quasilinear form, which emerges self-consistently
from the asymptotic analysis rather than being imposed a priori. This emergent quasilinearity in the slow-
fast limit therefore appears to be an inherent property of stratified turbulence regardless of the Prandtl
number. Our findings can be used as a theoretical basis not only for using the quasilinear approximation
to create reduced models of stratified turbulence, but also to know precisely which terms to keep in each
region of parameter space (see, e.g, Marston and Tobias| 2023)). Of course, the fundamental premise upon
which the analysis is predicated is that the stratification drives scale-separated dynamics characterized by
the anisotropic large-scale and roughly isotropic small-scale flow structures. To the extent that spectrally
non-local interactions between these disparate scales of motion play a crucial role in stratified turbulence,
the conclusions and predictions of our multiscale analysis are likely to be valid.

In quasilinear systems subject to fast instabilities, nonlinear saturation requires the feedback from the
finite-amplitude fluctuations to render the mean fields marginally stable to disturbances of any horizontal
wavenumber. It is straightforward to verify that this condition of approximate marginal stability indeed
characterizes each regime. This observation is consistent with the empirical observation of ‘self-organized
criticality’ mentioned in giving further credence to the appropriateness of the multi-scale approach used
here. In the Pe, > O(1) and intermediate regimes, the fluctuation equations are non-diffusive at leading
order, and therefore describe the growth (or decay) of perturbations due to a standard vertical shear in-
stability. The dimensional vertical shear S* of the mean flow can be estimated to be roughly U*/H* since
|| = O(1). The gradient Richardson number

N*Q N*2H*2 0(2

in these regimes, which is indeed marginally-stable to the Richardson and Miles—Howard criteria (Richardson)
1920; Miles|, |1961; [Howard, [1961). Note that |Garaud et al|(2023) recently verified that J is indeed O(1) in
DNS of stratified turbulence at Pe, = O(1).

In the Pe, < « regime, by contrast, the fluctuation equations are inherently diffusive, and one therefore
expects the vertical shear instability to be of the diffusive kind (Zahn, [1974; |Jones, [1977; [Lignieres et al.
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1999). It has been shown, at least for sinusoidal shear flows (Garaud et al., 2015a)), that the condition for
marginal linear stability is JPeg = O(1) where Peg = U*H*/k* is the Péclet number based on the vertical
shear profile. We can easily check that the scalings found in § [3.3.2] satisfy this criterion. Indeed,

N*ZH*Z U*H* 3 Pe
— " ) = — ) =0(1 1
JPeg O( i pe > o (a FT’Q) O(1), (51)

as required. Taken together with the empirical scaling laws obtained from the DNS data of |Cope et al.
(2020)), this evidence confirms that is indeed the correct expression for « in stratified turbulence at very
low Pey.

A somewhat less intuitive result of our analysis is the requirement that 9poo/9¢ = 0, while pog = O(1),
in both intermediate and fully diffusive regimes. Physically, this condition can be understood by noting
that in the Pe, < 1 scenario, departures from the mean background stratification formally are exceedingly
small (owing to the strong thermal diffusion), which explains why they do not affect the assumed background
hydrostatic balance. Furthermore, recalling that ¢ has been rescaled by the vertical length scale H* = aL*
with oo < 1, we note that 0:pgg = 0 only applies on that scale, and does not preclude pgo from potentially
varying on larger scales. Indeed, the possibility exists that two vertical scales may be incorporated into the
dynamics, with the leading-order mean pressure being hydrostatically coupled to the leading-order mean
buoyancy on the larger vertical scale, although we leave exploration of that possibility for future work.
Regardless, we emphasize that buoyancy anomalies do affect the fluctuation dynamics, which in turn modifies
the mean flow.

5 Conclusions

In this study, inspired by numerical evidence of scale separation and flow anisotropy, we have conducted
a formal multiscale asymptotic analysis of the Boussinesq equations governing the dynamics of strongly
stratified turbulence at low Prandtl number. A key outcome of our work is a new map of parameter
space, shown in figure [I} that demarcates different regimes of stratified turbulence. Crucially, we find that
new regions of parameter space open up at low Prandtl number in which diffusive turbulent flows exist,
scenarios that are not possible at Pr = O(1). For each of these new regimes, scaling laws for the vertical
velocity and vertical length scale of turbulent eddies naturally emerge from the analysis. These scaling laws
are summarized in § and recover previous findings by |Chini et al. (2022) and |Cope et al.| (2020) in
appropriate distinguished limits. Finally, recent work by |Garaud et al.| (2023) has demonstrated numerically
that the presence of a mean vertical shear (ignored in this work) has little impact on these scalings as long
as its amplitude is smaller than the small-scale emergent vertical shear U*/H*. This finding can be proved
more formally using the asymptotic tools developed here, suggesting that the new regime diagram is robust
(at least if other effects such as rotation and magnetic fields are absent; see below).

These results have important implications for low Pr fluids, such as liquid metals (where Pr ~ 0.01—0.1),
planetary interiors (where Pr ~ 0.001 — 0.1) and stellar interiors (where Pr ~ 1072 — 1072). In particular,
the scaling laws derived enable us to propose simple parameterizations for the turbulent diffusion coefficient
(D*) in each identified regime by multiplying the characteristic vertical length and vertical velocity scales.

e In the Pey > O(1) and the intermediate regimes,

Df «c H'W* x FT3/2L*U* o U*5/2/(L*1/2N*3/2). (52)

e In the fully diffusive regime,

D* o« H*W*  (Fr?/Pe)'2L*U* oc U*3/?5*Y/2)(L*YV/2N¥). (53)

As such, our work challenges current understanding of stratified turbulence in stars. Indeed, the most
commonly used model for stratified turbulence in stellar evolution calculations is the model of |Zahn| (1992),
which proposes a vertical turbulent diffusivity equivalent to . However, we have demonstrated that this
expression is only valid in a relatively small region of the parameter space (see figure(l)). In particular, Zahn’s
model assumes that the turbulence is always fully diffusive, but this is not the case in the intermediate and
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Pep, > O(1) regimes, which are appropriate for more strongly sheared fluid layers such as the solar tachocline.
Zahn’s model also assumes that viscosity is negligible, which is not the case for sufficiently stratified flows.

Of course, future work will be needed to investigate the effects of rotation and magnetization, which are
also important in stellar and planetary interiors. Both effects are likely to stabilize the horizontal turbulence
to some extent, which will therefore affect the emergent vertical shear instability as well. Additionally, we
need to systematically compare the model predictions with existing DNS (Brethouwer et al., [2007; Maffioli
and Davidson), [2016; (Cope et al. [2020; Garaud, [2020)) as well as with future DNS conducted at more extreme
values of the Reynolds, Prandtl, and Péclet numbers. In particular, known discrepancies between the model
and data need to be explained (see § . This step is crucial to gain enough confidence in the model to
apply it at stellar and planetary parameter values. Nonetheless, this work has already demonstrated the
power of formal multiscale asymptotic analysis for discovering and validating the existence of new regimes
of stratified turbulence in stellar and planetary interiors.
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